INTRODUCTION
Let us consider the non-self-adjoint one-dimensional Schrodinger opera-Ž . tor L generated in L ‫ޒ‬ by the differential expression 2 q l y ' yyЉ q V x y, x g ‫ޒ‬ Ž .
Ž .
q Ž . and the boundary condition y 0 s 0, where V is a complex valued w x function. The spectral analysis of L has been investigated by Naimark 12 . In this article, he has proved that some of the poles of the resolvent's kernel of L are not the eigenvalues of the operator. He has also shown Ž w x. that those poles which are called spectral singularities by Schwartz 17 are on the continuous spectrum. Moreover, he has shown that the spectral singularities play an important role in the discussion of the spectral analysis of L, and if the condition
H 0 holds, then the eigenvalues and the spectral singularities are of a finite number and each of them is of a finite multiplicity. The effect of spectral singularities in the spectral expansion of the w x operator L in terms of principal functions has been investigated in 9 . In w x 14 , the dependence of the structure of spectral singularities of L on the behavior of V at infinity has been considered. Some problems related to spectral analysis of differential and some other types of operators with w x spectral singularities have been discussed in 3᎐5, 10, 13, 15 .
Ž . Ž . Let us consider the operator L generated in L ‫ޒ‬ by the equation
and the boundary condition
where U, V are complex-valued functions and U is absolutely continuous in
Ž . the operator L. If we choose V x s yU x , then 1.1 will be reduced into the radial form of the Klein᎐Gordon equation. Some problems of the Ž . spectral theory of 1.1 and of the Klein᎐Gordon equation have been w x investigated by several authors 1, 2, 6, 7, 8, 11 with real functions U and V.
We also want to note that, the finiteness of the number of the eigenval-Ž . w x ues of L has been given by the following technique in 7 . First it is Ž . proved that the set of eigenvalues of L is bounded in the complex plane and is of countable, and their limit points lie on the real axis. Later, assuming that there are no limit points of eigenvalues, it has been w x determined that the eigenvalues are of finite number. But in 7 the functions U and V for which the set of eigenvalues has no limit points have not been investigated. Using the technique of the uniqueness of analytic functions, we proved that the eigenvalues and the spectral singularities are of finite number.
Ž . Ž . In this paper, we discussed the spectrum of L defined by 1.1 and Ž . 1.2 , and proved that this operator has a finite number of eigenvalues and spectral singularities and that each of them is of a finite multiplicity, under the conditions
0Fx-ϱ and lim U x s 0.
Ž .
xªϱ Afterward, the properties of the principal functions corresponding to the Ž . eigenvalues and the spectral singularities of L are obtained. If U is absolutely continuous in every finite subinterval of ‫ޒ‬ and satisfies Ž . In the particular case L of the operator L , the results we have w x obtained about the spectrum are better than the ones given by Lyance 9 w x w x and Naimark 12 , and are the same as the ones obtained by Pavlov 15 . In the sequel, we use the notations eigenvalues, the spectral singularities, the resolvent set, and the resolvent Ž . of the operator L , respectively.
PRELIMINARIES
Let us suppose that the functions U and V satisfy the following conditions:
Let us define the functions , ␣, and ␤ by 
Ž .
Ž . for g ‫ރ‬ ; moreover, the kernels A x, t and B x, t satisfy the inequal-
Ž . Ž . Therefore, the solutions f x, and g x, are analytic with respect to , in ‫ރ‬ and ‫ރ‬ , respectively, and are continuous up to the real axis. q y Ž . Ž . w x f x, and g x, also satisfy the following asymptotic equalities 7 :
Ž . From 2.3 and 2.4 we easily find
Ž . Ž . According to 2.6 and 2.7 , the Wronskian of the solutions f x, and Ž . Ž .
x Ž . It is obvious that the solution x, exists, is unique, and is an entire w x function of 7 .
EIGENVALUES AND SPECTRAL SINGULARITIES
Let us define
w x Using the standard techniques 13 , we can show that
where the kernel R x, t; i.e., the Green's function for
Ž . From the asymptotic equalities 2.6 and 2.7 , we have
for each g ‫ރ‬ and
for each g ‫ރ‬ .
Proof. a Obviously, following cases: 
Ž . Combining 1 , 2 , and 3 , we find
Ž . This completes the proof of a . Note that from
we immediately get
To investigate the quantitative properties of the eigenvalues and the Ž . spectral singularities of L , we need to discuss the quantitative properties of the zeros of F and G in ‫ރ‬ and ‫ރ‬ , respectively. For the sake of q y simplicity, we will consider only the zeros of F in ‫ރ‬ . A similar procedure q may also be employed for the zeros of G in ‫ރ‬ .
y Let us define In this case, from Lemma 3.2 and Theorem 3.3 we may derive that the number of eigenvalues is finite, which corresponds to the technique given w x in 7 . But it has not been clarified for which functions U and V Assumption III holds. So Assumption III does not seem to be natural. Hence we will prove by another method that the number of the eigenvalues and the Ž . spectral singularities of L are finite, without employing Assumption III.
Ž . Up to now we have assumed that condition 2.1 holds. In the rest of the article the assumptions we will use are respectively, and the set of all zeros of F with infinite multiplicity in ‫ރ‬ q by Q .
5
From the uniqueness theorem of analytic functions, it is obvious that
The proof of this lemma can be obtained by use of the continuity of all derivatives of F up to the real axis.
We will use the following uniqueness theorem for the analytic functions on the upper half-plane to prove the next result. The discussions given above for F may be repeated for G. Hence we obtain the following. , . . . , be the zeros of F and G on the real axis with multiplicities 1 q m , . . . , m and n , . . . , n , respectively. It is trivial that
for n s 0, 1, . . . , m q y 1, i s 1, 2, . . . , j, and 
Proof. Let us start with equality 4.5 . We will utilize mathematical Ž . induction. For n s 0, the proof is trivial from 4.3 . Let us assume that for q Ž . 1Fn Fm y2 the equality 4.5 holds, i.e.,
Ž . Ž . Now we will prove that 4.5 also holds for n q 1. If y x, is a solution
Ž . Writing 4.8 for x, and f x, , and using 4.7 , we find
.
Hence there exists a constant a such that
Ž . This shows that 4.5 holds for n s n q 1. In a similar way, we can prove 0 Ž . that 4.6 also holds. 
Ž . for n s 0, 1, . . . , m y 1, i s 1, 2, . . . , j, which gives 4.9 using 4.5 . . real zeros of F and G , we then obtain
for n s 0, 1, . . . , m y 1, i s 1, 2, . . . , p, and 
Obviously H is isomorphic to the dual of H .
yn n THEOREM 4.5. 
Ž .
n q1 2 q y Ž nq 1 . Let us also note that if the function U is real and analytic and vanishes Ž . Ž . rapidly as x ª ϱ, then the eigenvalues of 5.1 , 5.2 have been discussed w x previously 2 .
